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Elec t ron  r ecombina t ion  assoc ia ted  with the expulsion of a mona tomic -gas  p l a s m a  into a vacuum was 
examined in [1]. It was a s sumed  that r ecombina t ion  by col l i s ion and rad ia t ion  cons t i tu tes  the bas ic  
e l emen ta ry  p r o c e s s .  Under ce r t a in  condi t ions,  d i spe r s ion  that involves  r e s idua l  ioniza t ion  of the gas at 
inf ini ty  proved to be poss ib le .  

In this  paper ,  we examine  the s t a t ionary  flow in a supersonic  spher ica l  source  of a nonequ i l ib r ium 
mona tomic -gas  p l a sma ,  which cons i s t s  of e l ec t rons ,  s ingly charged ions,  and a toms.  Among the impor tan t  
p rac t ica l  appl icat ions  of such flows a re  the mot ion of a gas in a nozzle  and s t a t ionary  expulsion into a 
vacuum.  

1. Ini t ia l  a s sumpt ions .  System of equat ions .  We examine  the flow af ter  loss  of ionizat ion equ i l ib r ium and 
discont inuat ion  of ionizat ion events .  F u r t h e r m o r e ,  we a s sume  that t he r ma l  equ i l ib r ium between the e l ec t rons  and heavy 
pa r t i c l e s  is  absent  and that the p l a s m a  q u a s i - n e u t r a l i t y  condit ions a re  sa t is f ied.  

Under these  a s sumpt ions  the cont inui ty equat ions a re  

d ~ / dne ~ 2 
- d r  ( n e u c r )  = ~ T i - ) p  r , 

d (nauar2)  = __  /dn~ '~  .2 

(1,1) 

(1.2) 

where n is  the concent ra t ion ,  u is  the veloci ty ,  r is the d is tance  f rom the source  pole,  and (dne/dt)p is  the va r i a t ion  in 
e lec t ron  concen t ra t ion  due to recombinat ion~ 

The subsc r ip t s  e, i, a, L, and m r e f e r  to e l ec t rons ,  ions,  a toms,  charged p a r t i c l e s ,  and heavy pa r t i c l e s ,  
respect ively~ The q u a s i - n e u t r a l i t y  condit ion n e = n i, in combinat ion  with the e l ec t ron  and ion cont inui ty  equations,  
yields  the equal i ty  of cha rged -pa r t i c l e  ve loc i t ies  u e = u i = UL. 

At low t e m p e r a t u r e s  kT << I (where I is the ionizat ion potential)  and not too sma l l  dens i t i es ,  the r ecombina t ion  
p roce s s  is of a cascade na tu re  [1]. F i r s t  an e lec t ron ,  a f ter  t r ip le  co l l i s ion  with an ion and another  e lec t ron ,  is  
captured at one of the upper atomic levels .  Then,  under  the inf luence of e l ec t ron  impacts  of the second kind, and 
subsequent ly  owing to rad ia t ion  t r a n s i t i o n s ,  the bound e lec t ron  descends  onto the ground level .  In this  case ,  the change 
in e l ec t ron  concent ra t ion  due to r ecombina t ion  is  defined by the exp res s ion  [2] 

elO 
\( dnedt ~jp : - -  aTe-V2ne'~' a = 9rne,/2 k, re-' (4~), A �9 (1.3) 

where  e is the e lec t ron  charge,  e is the d ie lec t r i c  constant  in vacuo, m e is the e lec t ron  ma ss ,  and k is  Bo l tzmann ' s  
constant .  

Keeping in mind that co l l i s ions  between heavy pa r t i c l e s  a re  r e spons ib l e  for  f r i c t ion  between charged and neu t ra l  
pa r t i c l e s ,  we wr i t e  the equat ions of mot ion in the fo rm 

dpe __ 
dr e;z~E , (1.4) 

du L dP i 
m ineUL ~ = - -  n~naeia (UL  - -  Ua) - -  ~ -~- e n e E ,  (1.5) 

~a @a (1.6) manaU a ~ - -  - -  nan.ea~ (u,, - -  UL) dr " 

where p is p r e s s u r e ,  E is the e l ec t r i e f i e ld  s t r e n g t h ,  and eia  = eai is the f r i c t ion  coefficient  between the a toms and ions.  
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According  to [3], the f r i c t ion  coeff icient  for  solid smooth spheres  is defined by the re la t ion  

e ia  ~ 8ai ~ - ~ -  , ]~T m mi-~-m'a i s ,  (1.7) 

where  Qia is the co l l i s ion  c ros s  sect ion between a toms and ions.  

In the t e m p e r a t u r e  range  kT << I under  cons idera t ion ,  the ion-a tom col l i s ion  c ross  sect ion depends r a the r  weakly 
on the gas t e m p e r a t u r e  [4]. In the following, for  s impl ic i ty ,  we a s s u m e  Qia = const .  

The energy  equat ions for  e lec t rons  and heavy pa r t i c l e s  a re  

d 2 5 ) ~+ 2 
--dr neULr T k']'e = Q ~ r  - -  I*  d QleuLr2)__ nj tLr2eE ' 

d 2 5 T -.~-r [neuLr ( T i c  mq, - m s % 2  ~ F -  ) + 

(1.8) 

(1.9) 

where  Qem* is the ra te  of energy  t r a n s f e r  f rom the e lec t rons  to the heavy pa r t i c l e s  in the case of e las t ic  co l l i s ions .  

F o r  a degree  of ioniza t ion  above 10 -3, energy t r a n s f e r  to the heavy pa r t i c l e s  occurs  p r i m a r i l y  due to e l ec t ron -  
ion co l l i s ions ,  s ince  the e l e c t r o n - i o n  co l l i s ion  c r o s s  sec t ions  exceed by m o r e  than 103 t imes  the e l ec t ron -a tom c ross  
sec t ions .  

F o r  s t rong ionizat ion Qem* = Q*ei, and in conformance  with [5] 

ne2e4 / 8 ~ m ~  \]'~ / T m __ l )  In 72~2 
(1.1o) 

Here,  I* is the energy  r e s t o r e d  to the e lec t ron  gas in the deact ivat ion of excited a toms by impacts  of the second 
kind. The other par t  of the ionizat ion energy  I - t*, is i r r ad i a t ed  in the spec t r a l  l ines .  Genera l ly ,  a ce r t a in  por t ion 
of this energy  can be conver ted  to heat as a r e su l t  of poss ib le  impact  deact ivat ion of an atom excited by resonance  
rad ia t ion .  The mean  f ree  path of r e sonance  rad ia t ion  is defined by the dens i ty  d i s t r ibu t ion  and the na tu re  of spec t ra l  
l ine broadening .  As fa r  as energy  is concerned ,  the p r inc ipa l  ro le  is  played by r eabsorp t ion  of r e sonance  t r ans i t i on  
f rom the second to the f i r s t  level  ( t rans i t ion  2-1).  

Close to the source  pole the p l a s m a  is a lmos t  always cons idered  optical ly thick for  the r e sonance  t r ans i t i on  2-1, 
in view of the ex t r eme ly  la rge  effective absorp t ion  c r o s s  sec t ion  (between l0 -s  and 10 -1~ em 2 at the l ine center) .  

Fo r  an opt ical ly  thin p l a sma ,  one may use the exp res s ion  obtained in [1] for  the hydrogen atom, 

~4.3.iO-6ne'/~Te -1/~' (kT e < I* < I') , 

I * ~  [ X ~ 3.1. lO-~ne'TeTe V~ (1" ~ I') 

1 ( 2i ?/. 
I" = T kTe \k-~e/ " 

(1~ 

In view of the slow va r i a t ion  of I*, it is suff icient  in p r ac t i c e  to cons ide r  only the second case ,  I* > I T. 
K I*(rt) > P(r i ) ,  this inequal i ty  is  p r e s e r v e d  for r > r 1. If, on the other hand, I*(r D < P(rl)  , then owing to the 
r e l a t i ve ly  slow va r i a t ion  of I*, the l a t t e r  inequal i ty  changes d i rec t ion  shor t ly  af ter  the c r o s s  sect ion r = r t. In the 
following we use  only the second exp res s ion  in (1.11). F o r  an opt ical ly thick p la sma ,  in the case of r e sonance  
t r a n s i t i o n  2-1, the exp res s ion  I* takes the form 

1" = 3.f. tO-~n//~T/A2 + I21. (1.12) 

F o r  hydrogen (I = 13.53 eV), I21 = 10.15 eV and r eabso rp t i on  of r e sona nc e  rad ia t ion  in the t r ans i t i on  2-1 plays  a 
de t e rmin ing  ro le  in the t r a n s f e r  of r ecombina t ion  energy  to the e lec t ron  gas.  

The equations of s tate  a re  wr i t t en  in the convent ional  fo rm 

Pe = nekTe ,  Pi = n i k T ~ ,  Pa = nakTm . (1.13) 
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We e l imina te  n a, E, Pe, Pm, and Pi f rom the sys tem of equations and in t roduce the following d imens ion l e s s  p a r a m e t e r s :  

r ~d L i t  a __  ~7. e 
X :  r ~  ' V L - -  - - -  ' V a = "~o ' - -  - -  - -  11"0 Ce 1TO ~ 

Te  T m  r~ (8~me)%n~ I n  [ .72x t2  ( k T ~  , 
O~=-T~o , 0 ~ - -  To Y - -  

' 4 0 ~ m a U o S ' ( k T o )  V~ L no e6 J 

-~- ~--ano r~ ll" @ _-- 8 lf~T-.__...~ Qiorono W - -  kTo R = 1" H 
To % uo 3 ] f ~ m  a uo ' mauo "~' ~  

i 

Here,  the subscr ip t  0 denotes heavy -pa r t i c l e  p a r a m e t e r s  which r e f e r  to the in i t ia l  r ad ius  r 0 of the superson ic  
source .  

The sys tem of equat ions for  de t e rmin ing  VL, Va, Ce, 0 e, and 0m takes the form 

d ~ H ce~ . ~  
( C e V L X  ) = - -  0o , ;  - -  , 

( %~L)_ '~v~ [c,(O,,, ~-OD1, r  o,:'/, ,'o 

( ) (;, 1 CeVLv a Ua dYadx = - -  (~ce  (~2a - - -  UI~) Orn I/" X a va" " i - - -  

,[ (, )] CeV L 

2 .  

(1.14) 

(1.15) 

(1A6) 

(1.17) ( 2 o 
dx  ~ ' 

Va ~ d [(0m ~- 0.2-W-) § CeVcX 3.2 t " --~ W (vc - -  vJ)] = 

== }ZX2Ce20e -'/2 ( t - -  Om \ 2 2 "-5- vLz  d (c.O~) (1.18) -~-)--  

Flow in the neighborhood of the source  pole.  In the neighborhood of the source  pole,  for  a suff ic ient ly  la rge  
dens i ty  in the in i t ia l  c ro s s  sect ion,  where  �9 >> 1, one may set  VL = Va = v. Then sys t em (1.14)-(1.18) takes the f o r m  

d--x = - - l ]  Oe % :C , 

7c~v d, d = - - w  [c~(0m § 0D], 

d 0 - -  - 5 -  v x  - ~  (c ,Oe)  . 

(2.1) 

(2.2) 

(2.3) 

(2.4) 

System (2.1)-(2.4) was n u m e r i c a l l y  in tegra ted  on an Ural-1  computer .  F i g u r e  1 shows the r e s u l t s  of the 
computat ions  for  an opt ical ly  thin p l a sma  (1.11) arid the in i t ia l  p a r a m e t e r s  r0 = 10 -2 m,  no = 1023 m -3, To = 5 - 10 ~ ~ 
u0 = 104 m / s e c ,  and m a = 1.67 �9 10 z7 kg. 

~8 Z CE 

fO fO -3 

i / \  

~ _ ~  I0 - ~ 10,5 
8 m 8e ,8 e 8m 

I I ~ L  , 
- - -  / z t O - 6  O~ 3 7 I f~-6 t J 7 

Fig.  1 Fig.  2 

S imi l a r  ca lcula t ions  for  an opt ical ly thick p la sma  (1.12), with the same  in i t ia l  condit ions,  show an apprec iab le  
breakaway of the e lec t ron  t e m p e r a t u r e  (Fig.  2) and a subs tant ia l  f r eez ing  of the degree  of ioniza t ion  a (Fig.  3). 
Curves  1 and 2 in Fig.  3 r e f e r ,  r espec t ive ly ,  to a p l a sma  optical ly thin and opt ical ly  thick with r e spec t  to r e sonance  

rad ia t ion .  
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This can be interpreted by the relatively large value of the energy (12i = ]0.15 eV) which is transferred to the 

electron gas as a result of impact deactivation of an atom excited by resonance radiation. 

c{ 10 -7 

o; 1 I i z 
7 ~ 

Fig. 3 

Calculation results show that for the given initial conditions, conversion of thermal to kinetic energy proceeds 

with a high intensity and practically terminates in the region x ~ 10. 

Of interest is the change in plasma velocity in the transition from an optically thin to an optically thick plasma. 

�9 In the second case, in the space region in which the calculations were performed, the velocity proved to be smaller in 

spite of the fact that the maximum velocity achieved in the total conversion of enthalpy to kinetic energy is larger in the 

case of an optically thick plasma. In spite of the large value of the recombination energy I* which is transferred to the 

electrons, the decrease in the recombination rate in an optically thick plasma, owing to the higher electron temperature, 

leads to a reduction of the velocity gradient and an extension of the zone of thermal to kinetic energy conversion. The 

nature of the change in the degree of ionization is an indication of the tendency of the flow to freeze its content. In the 

region of the source where v ~ const and ~ ~ const, it may be roughly assumed that the electron concentration is 
n e ~ r - 2 :  

For R >> ] and Y >> ] near the initial surface, the electron energy balance is essentially defined by the losses 

due to elastic collisions with heavy particles and by the restoration to the electron gas of the recombination energy 

I* which, on the basis of Eq. (1.12), may be roughly taken as a constant, 

Yi 0 3 (0.--0~) Y x 2 c J O s  = RIIc~O~-'/~x ~ or  c~ =-R- f f~  (2.5) 

S e t t i n g  v L = v a = v ,  we add  E q s .  (1 .17)  a n d  ( ] . 18 ) .  T h e n ,  u s i n g  Eq.  (1.14) w e  o b t a i n  

0.2 2 Ao 
( R § 0~) c~vx 2 + 0.~ + ~ -  v = - i f - ,  (2.6) 

where A 0 is a constant determined from the conditions at the initial surface. 

From (2.5) and (2.6) in the initial expansion phase, we obtain an expression for the degree of thermal 
nonequilibrium 

0~--0m R [Ao _ (0.2 _~_~ v~ 
0~ "=  Y,~02(n  +0o) + r~0~)] �9 (2.7) 

F o r  R >> 0 e (R > 1 f o r  a n  o p t i c a l l y  t h i n  p l a s m a  and  R >> ] f o r  a n  o p t i c a l l y  t h i c k  p l a s m a ) ,  w h i c h  u s u a l l y  o c c u r s  
s t a r t i n g  w i t h  x g r e a t e r  t h a n  a b o u t  3 - 5 ,  e x p r e s s i o n  (2.7) s i m p l i f i e s  s o m e w h a t ,  

Oe - -  O m _  Ao - -  (0 .2 I Iv~ fW + II0m) (2.8) 

From (2.8) it follows that the degree of thermal nonequilibrium increases with decreasing initial concentration 

and increasing atomic mass. Figure 4 shows the results of numerical calculations of the variation of electron and 

heavy-particle temperatures in a supersonic flow, for hydrogen and argon. The initial concentrations, temperatures, 
and degrees of ionization were taken in both cases as no = 1023 m -3, To = 5 �9 103 ~ and (~ . 10 -2 . The plasma was 

assumed to be optically thick for the resonance transition 2-I. A pronounced difference in the electron temperatures 

is observed when the heavy-particle temperatures are very similar. 
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3. Flow at  a l a r g e  d i s t ance  f r o m  the sou rce  pole .  The e l e c t r o n  and ion dif fus ion r a t e s  with r e s p e c t  to neu t r a l  
a t o m s  can be obta ined f r o m  the c o r r e s p o n d i n g  equat ions  of mot ion  (1.15) and (1.16). F o r  the sake  of s i m p l i c i t y ,  we 
l i m i t  the a n a l y s i s  to the ca se  in which,  owing to i m p a i r m e n t  of t h e r m a l  e qu i l i b r i um,  the e l e c t r o n  t e m p e r a t u r e  i s  much 
g r e a t e r  than that  of the heavy p a r t i c l e s ,  0 e >> 0 m.  When the deg ree  of ion iza t ion  is p ronounced ,  the p r e s s u r e  in the 
p l a s m a  is  defined by the e l e c t r o n  p r e s s u r e .  Keeping  th is  in mind,  we w r i t e  the equat ion for  the r a t e  of a m b i p o l a r  
d i f fus ion as  

d (v L - va) OmV2 , W d 

CeY L dx  
(3.1) 

When the f r i c t i o n  between heavy  p a r t i c l e s  i s  high, the d i f f e rence  be tween the t e r m s  in the r i gh t -ha nd  s ide  of Eq. 
(2.8) i s  s m a l l  c o m p a r e d  with each  of the t e r m s  ind iv idua l ly .  In th is  ca se ,  the di f fus ion r a t e  is  def ined by the e x p r e s s i o n  

U L - -  Ya ~ Wx2va d %0.,i,0 ~ (ceOe). (3,2) 

As expans ion  p r o c e e d s ,  f r i c t i o n  be tween the heavy  p a r t i c l e s  b e c o m e s  neg l ig ib le .  The r a t e  of a m b i p o l a r  
di f fus ion is  def ined only by the a c c e l e r a t i o n  of the c ha rge d  component ,  owing to the c onve r s ion  of t h e r m a l  e l e c t r o n  
ene rgy  to ion k ine t ic  ene rgy  with the a id  of an e l e c t r i c  f i e ld  

d %  W d (c~O~) (3.3) 
dx cev L ,dx 

In the given phase  of expans ion ,  it  is  r e a s o n a b l e  to a s s u m e  that  e n e r g y  exchange be tween e l e c t r o n s  and ions  does  
not occur  dur ing  e l a s t i c  c o l l i s i o n s ,  nor  does  r e c ombina t i on  take  p l ace .  The e l e c t r o n  t e m p e r a t u r e  0 e is  d e t e r m i n e d  
f r o m  the e l e c t r o n  and ion ene rgy  equat ions  

0.2 ~ f ~  , 0.2 ~h 
O~ = I t  - -  -W" vL~' H = cemLlxl ~ t -W- vL~ ) �9 (3.4) 

The s u b s c r i p t  ] c o r r e s p o n d s  to a c e r t a i n  f ixed  c r o s s  sec t ion  r , .  F r o m  the e l e c t r o n  cont inui ty  equat ion,  we have 

N (3.5) ce = ~ N = C~lXl~VL1 fo r  [ dne'~ 0 
" \--37-)p = �9 

By t r a n s f o r m i n g  Eq. (3.3) with the a id  of (3.4) and (3.5), we obtain 

( 0 . 8 U L  2 - -  H W )  ~ = (2~"HVL - -  0.4rE s) y-l, 
t~ 3 

x 

Y= x-q-. (3.6) 

In teg ra t ion  of (3.6) y i e lds  

Y = ~YL* - -  YL YL* ~- YLI) ~'VL*'--~L 2 VLI2 J 

where v~ = (5HW) I/2 is the maximum charged-particle velocity. 

(3.7) 

F i g u r e  5 i l l u s t r a t e s  the r e l a t i o n s h i p  v L = vL(Y). 
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4. Var ia t ion  of the d e g r e e  of ionizat ion.  Let  us examine  the va r i a t ion  of the d e g r e e  of ionizat ion during the 
expansion of the p l a sma .  The r ecombina t ion  r a t e  is p ropor t iona l  to n3eTe 9/2. Of p a r t i c u l a r  i n t e r e s t  is the ques t ion of 
whether  r e combina t i on  is comple te  or  a r e s i d u a l  ionizat ion of the gas  takes  p lace .  We cons ide r  a reg ion  f a i r l y  dis tant  

f r o m  the source ,  and for  s imp l i c i t y  se t  u L = u a = const .  

According to (1.3), the degree of ionization a has the form 

da _ Lanm2~ T e - V ~ 3  , c~ = n-z-~ �9 (4.1) 
d r  u L n m 

The asympto t ic  behav io r  of the d e g r e e  of ioniza t ion  may  be seen f r o m  the f o r m a l  solution of (4.1), 

i n~n~ ]-'/~ : ~, [t + a,22a r, ~ . d r ]  , (4.2) 

where  the subsc r ip t  1 r e f e r s  to p a r a m e t e r s  in a c e r t a i n  f ixed c r o s s  sec t ion  with rad ius  r 1. K an asympto t ic  solution 
fo r  T e is sought in the f o r m  T e ~ r -P ,  then (assuming  n ~ r -2 for  l a rge  r) we find that fo r  p < 2/3 the deg ree  of 
ionizat ion tends to a constant  value  when r ~ ~, while  fo r  p > 2/3 it tends to ze ro .  The va r i a t ion  of T e i t se l f ,  however ,  

depends on the r ecombina t i on  p r o c e s s .  F o r  the solut ion one mus t  expl ic i ty  d e t e r m i n e  the re la t ionsh ip  T e = Te( r  ). 

We examine  the phase  of suff ic ient ly  developed expansion,  where  the ene rgy  exchange between e l ec t rons  and 
heavy p a r t i c l e s  dur ing e l a s t i c  co l l i s ions  may  be neg lec ted .  Changes in e l ec t ron  concen t ra t ion  in this reg ion  of the 
sou rce  a r e  defined p r i m a r i l y  by the expans ion  p r o c e s s  

Ce = %W - 2 .  (4.3) 

With the aid of the substitution z = 0 e II/2, the electron energy equation (1.17) is reduced to the form 

dz 22 z 55 RiI  %~xl y -a .  (4.4) 

By in tegra t ing  Eq. (4.4), we obtain 

, [55 Rl% ~ x,  - , ' " / :_  i )  + O."l,] '/,, Oe=Y-% L38 el vL t~  (4~ 

For y >> 1, expression (4.5) can be reduced to a simpler form 

O~ = 5~/~s RHcez2y-'/,,XzVL -1 or  p = 6/11. (4.6) 

Thus, at large distances from the pole, p < 2/3 and, consequently, the plasma composition in the supersonic 
source is frozen. 

A zero degree of ionization can be achieved if recombination terminates close to the source pole. This, for 
example, is possible in the case of very small degrees of ionization. 

it should be noted that we have examined only problems associated with the expansion of a plasma in supersonic 
source. Desirable would be allowance for such important processes as diffusion of radiat,ion, which was not taken 
into account .  
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